We study here how the presence of non-zero matter density and a cosmological constant could affect the observation of gravitational waves in Pulsar Timing Arrays. Conventionally, the effect of matter and cosmological constant is included by considering the redshift in frequency due to the expansion. However, there is an additional effect due to the change of coordinate systems from the natural ones in the region where waves are produced to the ones used to measure the pulsar timing residuals. This change is unavoidable as the strong gravitational field in a black hole merger distorts clocks and rules. Harmonic waves produced in such a merger become anharmonic when detected by a cosmological observer. The effect is small but appears to be observable for the type of gravitational waves to which PTA are sensitive and for the favoured values of the cosmological parameters.
Introduction
In [1, 2] the influence of a non-vanishing cosmological constant on the detection of gravitational waves (GW) in Pulsar Timing Arrays (PTA) was discussed 1 . It was found that the value of the time residuals [3] observed in a PTA for a given range of the angles subtended by the source and the pulsars were dependent on the value of Λ. Given that the GW potentially observed in PTA would correspond to the final phase of the fusion of two very massive black holes (BH) lurking at the center of two colliding galaxies at distances ∼ 1 Gpc, this result opens the possibility of 'local' measurements of the cosmological constant; namely at subcosmological distances.
To set up the framework for the discussion and avoid misconceptions it is important to get the correct physical picture from the very beginning. To simplify things, imagine a large mass M and a much smaller mass m orbiting around it. For the time being let us assume that there is no cosmological constant and no matter density. In the situation just described, the geometry is very approximately described by the well known Schwarzschild metric corresponding to a mass M . This metric makes use of the radial coordinate r and a time coordinate t. This time coordinate t is just the time ticked by a clock located at r → ∞, i.e. an observer at rest at infinity.
Next let us assume that a cosmological constant Λ = 0 is present. In this case the relevant metric is also well known [4] ,
where dΩ 2 = dθ 2 + sin 2 θ dφ 2 corresponds to the square of the differential solid angle in spherical coordinates. This metric is unique once the requirements of spherical symmetry and time independence of the metric elements are imposed [5] . Here r has the same physical realization as before, but the metric is not anymore Minkowskian when r → ∞ so one must understand carefully what the meaning of that time coordinate is.
It should be obvious that, in the keplerian problem just described, if gravitational waves are produced they are periodic in the time t and away from the source they will be described by approximately harmonic functions of the form h (GW ) µν (w; r, t) = e µν 1 r cos w(r − t) ,
with e µν being the polarization tensor. If at long distances from the source the universe is approximately Minkowskian, this wave front will be seen by a remote observer with exactly the same functional form. Because of the expansion, our spacetime is not exactly Minkowskian far away from the GW source, but rather described by a Friedmann-Lemaître-RobertsonWalker (FLRW) metric [6] with coordinates T and R
a(T ) is the function known as the scale factor. Then a cosmological observer located far away from the BH merger will not see the same functional dependence in the wave front simply because T = t and R = r. In a de Sitter universe the cosmological time and comoving space coordinates, the coordinates we use in cosmology and astrophysics, are non-trivial functions of the Schwarzschild-de Sitter coordinates R(t, r), T (t, r). These transformations are well known and will be reviewed in the next sections. As a consequence of the different coordinate systems, some anharmonicities appear when (2) is written in terms of our coordinates T , R. Given that the cosmological constant is small, these anharmonicities are numerically small too, but the results of [1] suggest that nevertheless they are measurable in a realistic PTA observation.
Conventionally, the expansion of the universe is taken into account by replacing w by its redshifted counterpart in (2) . If z is small
with z being the redshift factor. We will see that this effect on the frequency is indeed reproduced, but there is more than this.
The results obtained in [1, 2] were not yet directly applicable to a realistic measurements of PTA time residuals because at the very least non-relativistic dust needs to be included to get a realistic description of the cosmology. This is in fact the main purpose of the present article.
We have organized our discussion as follows. In the next section we briefly review the notation basic ingredients of the ΛCDM cosmology that will be needed. Next we discuss issues related to the choice of the coordinate system in de Sitter spacetime. This discussion actually contains the essential ingredient of the present study. After this we study the linearization of Einstein's equations and argue why this is the proper analytical framework to derive the results concerning PTA time residuals. Then we will consider the limiting case where only dust is present and how the coordinate transformation between the system of FLRW coordinates and the spherically symmetric coordinates relevant to describe the coalescence of two BH look in this case. Finally we combine all the previous results to provide a full answer to the problem.
In this work we do not enter in any detail in the observational aspects and leave the corresponding analysis for a subsequent paper. Here we concentrate on the more fundamental aspects concerning the definition of and relation amongst the different coordinate systems. We understand that this merits a detailed discussion as many of the results obtained do not appear to be available in the literature.
Conventions and notations in ΛCDM cosmology
The Einstein equations, including the cosmological constant and the energy-momentum tensor reads
The Ricci tensor is constructed by the contraction of the first and third indices of the Riemann curvature tensor R µν = R λ µλν . The Ricci scalar is obtained as usual R = g µν R µν . The signature convention for the metric (+ − −−) and κ = 8πG. We have included the cosmological constant term g µν Λ.
The energy momentum tensor for a perfect fluid in thermodynamic equilibrium takes the form
with the chosen convention. In FLRW comoving coordinates {T, R, θ, φ}, it is clear that U T = U T = 1 whereas U R = U θ = U φ = 0. The normalization condition g µν U µ U ν = 1 is fulfilled. In order to determine the time evolution of the scale factor, Einstein field equations (5) are required together with some equation of state that relates the pressure and the density for every single component present,
The cosmological constant can be moved, if desired, to the right hand side of Einstein equations and included in the form of an energy-momentum tensor
Here the cosmological constant density ρ Λ is a constant. In this interpretation, the cosmological constant arises from an intrinsic energy density of the vacuum, ρ Λ ≡ ρ vac ; that is, the new component in the stress-energy tensor can be interpreted as an ideal fluid source of energy density which has negative pressure (opposing the pressure of matter if there were) [7] . Here w = −1, hence
By Gauss's outflux theorem, the cosmological constant is equivalent to a repulsive gravitational field Λ r/3 away from any center. The current preferred value is Λ = κρ Λ ≃ 10 −52 m −2 [8] .
Using the spatially flat generic metric (3) we get from the 1 st Friedmann equation
∆T .
Here H is the Hubble constant and the dot stands for derivatives with respect to the cosmological time T . The cosmological constant sets the expansion rate, given by the Hubble parameter H. ∆T = T − T 0 is the time interval and T 0 is taken such that a(T 0 ) = a 0 . Dust is a special case of a perfect fluid as well. The gravitational field is produced entirely by matter characterized by a positive mass density, given by the scalar function ρ dust , but with the absence of pressure. The stress-energy tensor is
Several independent techniques like cluster mass-to-light ratios [9] , baryon densities in clusters [10, 11] , weak lensing of clusters [12, 13] , and the existence of massive clusters at high redshift [14] have been used to obtain a handle on Ω matter = 0.3. Ω i = ρ i /ρ cr with ρ cr being the critical density for which the spatial geometry is Euclidean. This density is basically dominated by dark matter,
As said above, in FLRW comoving coordinates the 4-velocity is given by U µ = (1, 0, 0, 0); so the stress-energy tensor reduces to T µν = diag(ρ, 0, 0, 0). The Einstein equations derived for this metric structure, together with the equation of state corresponding to w = 0, give the solutions [15] 
and
Therefore, we are able to write the scale factor, and the metric, with a density dependence exclusively
Here, ρ d0 = 4/ 3 κ T 0 2 is the density measured at a particular cosmological time T 0 . Finally, let us consider the combined situation where dust and cosmological constant are both present, and let us derive the evolution of the corresponding cosmological scale factor in FLRW coordinates. These components are considered as non-interacting fluids; each with such an equation of state. Then follows that the 2 nd Friedmann equation holds separately for each such fluid i .
from where we get
The total density is the addition of the density for each component, using w Λ = −1 and
where ρ d0 is the 'initial' density of "dust" and ρ Λ is the (constant) density of "dark energy" when a(T 0 ) = a 0 .
To obtain an expression for the scale factor, we have to solve the 1 st Friedmann equation coming from the temporal Einstein field equation combined with (16) for the density
Let us pay particular attention on how the 'density of dark energy' and the density of dust, are combined at the level of the equations of motion. The scale factor is written as
In the limit when ρ d0 → 0 we recover the one component scale factor (9); or if ρ Λ → 0, we get (11) as it should be. From Eq. (16) together with the explicit scale factor (18) we find a bijection between ∆T and ρ dust . Furthermore, the metric written in terms of the dust density takes exactly the same structure than for a matter dominated universe only; i.e. written in terms of the density, the metric becomes the same as in (13), but this time the density for dust
The choice of coordinate systems
The de Sitter geometry models a spatially flat universe and neglects matter, so the dynamic of the universe is dominated by the cosmological constant Λ. Obviously there exist a number of useful coordinate choices for this spacetime. These consist in picking a convenient time choice and thus defining a family of spacelike surfaces. This is referred to as a slicing of the space. Some slices make explicit a cosmologically expanding space with flat curved spatial part, whereas some other do not.
There also exists a unique choice of coordinates in which the metric does not depend on time at all; it is the one described in Eq. (1) if the BH contribution is omitted
The mere existence of such a choice is enough to tell us that there is no fundamental sense in which this is an expanding cosmological spacetime. The notion of expansion is a concept that is linked to a coordinate choice. Yet, the choice of coordinates is not totally arbitrary. Observers' clocks tick at a given rate, and they can measure the local space geometry at a fixed time.
Cosmological observers detect that the universe as we see it is spatially flat and that unbound free-falling objects separate from each other at a rate that is governed by the cosmological scale factor a(T ) present in Eq. (3). Then the physical coordinate system for discussing cosmology is given by the FLRW metric, as this coordinate system encodes the observed homogeneity and isotropy of the matter sources summarized in the cosmological principle, valid when the universe is viewed on a large enough scale [16] . Of course, space redefinitions of the metric are innocuous. It is of no consequence to choose to describe the world around us using Cartesian or polar coordinates. As long as coordinate transformations do not involve time in any essential way, any coordinate choice will be equally good to describe a universe conforming to the cosmological principle.
Time and space will however look very different to an observer in the vicinity of a BH or, for that matter, in the vicinity of any strong gravitational source that is spherically symmetric centered at one point that we conventionally denote by r = 0. The spacetime there is isotropic, but not homogeneous. If the BH is static, we know that the solution is unique and it is given by the Schwarzschild metric. If in addition, there is a cosmological constant, the corresponding metric will be the one given in Eq. (1) . Note that this metric exhibits two horizons: one at r = r S = 2GM and another one at r Λ = 3/Λ. These coordinates are named Schwarzschild-de Sitter (SdS) and the corresponding metric is the one in Eq. (1). We will label these coordinates with lowercase letters, {t, r, θ, φ}. Then, the SdS metric approximates a Schwarzschild space for 'small' r; and for 'large' r the space approximates a de Sitter space. We are focusing right now on effects on gravitational wave propagation, hence we are in a 'large' r regime.
Away from the BH, i.e. for r ≫ r s the 1/r dependence can be safely neglected from our considerations and only the Λ dependence needs to be taken into account; i.e. under this regime the metric is given by (19) . In this case the transformation relating the SdS coordinates to the FLRW ones are well known (see e.g. [3] )
∆T R ; (20) the θ and φ coordinates do not transform. Note that even though for r ≫ r S the presence of the BH is negligible, its presence sets up a global coordinate system, and r and t have a well defined physical meaning. A linearized Schwarzschild-de Sitter metric is obtained after expanding (19) for a small cosmological constant Λ ≪ 1. For r → ∞
This metric satisfies a linearized version of Einstein field equations (5). On the contrary, the FLRW metric does not fulfill any linearized version of Einstein equations 2 ; in fact, no metric that depends only on time can be solution of the linearized Einstein equations whatever the gauge choice selected.
The previous coordinate transformations can be expanded for small values of ΛT 2 (this will always be the relevant situation for the ensuing discussions)
The change is of course still non-analytical in Λ. Applying this approximate transformation to the SdS metric, one ends up with an approximate version of the FLRW metric
which is the expansion of (3) for small values of the cosmological constant, Λr 2 << 1. In practice, the leading √ Λ term will be the relevant one for our purposes.
Why linearized gravity
The linearized theory of gravity is nothing else than perturbation theory around Minkowski spacetime. This is, starting with a small deviation h µν ≪ 1 from a flat metric tensor,
The usual procedure for obtaining the linearized Einstein tensor can be found in any textbook on general relativity (see e.g. [17] ). However, a gauge choice is mandatory to obtain a solution to these equations in order to avoid redundancy under coordinate transformations x µ → x µ + ξ µ (x). Although the following discussion is valid in any gauge, it is simplest in the familiar Lorenz gauge
or definingh
In this gauge the linearized Einstein equations, including the cosmological constant and the energy momentum tensor read
As discussed in [3] , up to first order in Λ the perturbation h µν in Eq. (24) can be decomposed into a gravitational wave perturbation h (GW) µν and a background modification due to the cosmological constant h (Λ) µν ; being both 'small' in magnitude. It is straightforward to propose a new contribution due to dust h (dust) µν . This component would contribute as an independent new background that will not interact with the other one, the one corresponding to Λ, and that will be also 'small' enough so that the linearized approximation to be meaningful. Therefore, the total metric would be written as
The wave equation will have the same structure but the perturbation would have the three contributions mentioned before. The first two contributions has been already discussed in [18] . The two independent background would satisfy each corresponding equation of motion
for the cosmological constant and
for a dark matter background uniformly distributed along the spacetime. Finally the perturbation due to the gravitational wave itself satisfies the usual homogeneous wave equation
Thus the discussion is simple in linearized gravity. The contribution to the different terms simply add to construct the total metric. The solution of Eq (29) as explained in [3] should correspond to the linearization (i.e. expanding in Λ at first order) of Eq. (19); i.e. the metric (21). In fact this statement is not totally correct because in (27) the Lorenz gauge condition is assumed, while the SdS metric does not fulfill this gauge condition, as it can be easily checked. In fact, as explained in [3] a trivial coordinate transformation turns the SdS metric into one that complies with the Lorenz gauge. This coordinate transformation is (a) time-independent and (b) is of order Λ. The discussion on GW and the separation in background and waves is however simplest in the Lorenz gauge and it is the one just presented. In fact, the relevant effects to be discussed later are all of order √ Λ and order Λ corrections are safe to neglect.
Relevance for Pulsar Timing Arrays
After transformation to FLRW coordinates, and keeping the changes of order √ Λ only, Eq. (2) reads
e ′ µν is the transformed polarization tensor that will not be very relevant for the following discussion, although its precise form is essential for precise comparison with observations. This last expression can also be written as
with w ef f = w 1 − R Λ/3 and k ef f = w 1 − R/2 Λ/3 . Notice that w ef f agrees with the usual frequency redshift, so this well known result is well reproduced. However the wave number is different. This discrepancy is at the root of the observability of Λ. As emphasized before, the corrections of order Λ and beyond are really irrelevant when the actual presumed value for the cosmological constant is considered; only √ Λ terms really matter. In the Lorenz gauge the only spatial components of the metric that are different from zero are the X, Y entries of e ′ µν . Although some temporal components are also non-zero in these coordinates, they are several orders of magnitude smaller than the spatial ones and therefore will not be relevant for the present study. The phase velocity of propagation of the GW in such coordinates is v p ∼ 1 − Λ/3 T + O(Λ) [3] . On the other hand, with respect to the ruler distance traveled (computed with g ij ) the velocity is still 1.
Consider the situation shown in Figure 1 describing the relative situation of a GW source (possibly a very massive black hole binary), the Earth and a nearby pulsar. The timing Figure 1 : Relative coordinates of the GW source (R = 0), the Earth (at R = Z E with respect to the GW source) and the pulsar (located at coordinates P = (P X , P Y , P Z ) referred to the source). In FLRW coordinates centered on Earth, the angles α and β are the polar and azimuthal angles of the pulsar with respect to the axis defined by the Earth-source direction.
residual induced by (32) will be given by the integral
along the null geodesic from the pulsar to the earth R(x) = P + L(1 + x)n. The unit vector n is given by (− sin α cos β, − sin α sin β, cos α), Z E is the distance from Earth to the GW source, L the distance to the pulsar, T E the time of arrival of the wave to the local system and ε ∼ |e ′ ij |, i, j = X, Y . In deriving the previous timing residual we have neglected the peculiar motion of the Earth. The speed of light has been restored in this formula. We have assumed that from the pulsar to the Earth the electromagnetic signal follows the trajectory given by the line of sight and is the distortion created by the intervening GW what modifies the timing residual.
The real question is whether the observationally preferred exceedingly small value of the cosmological constant affects the timing residuals from a pulsar at all. This question was answered in the affirmative in [1] . We take reasonable values of the parameters both for the GW and one pulsar location (quoted in the caption) and plot a snapshot of the resulting timing residuals as a function of the angle α for the time of arrival of the wave to the local system, T E . In Figure 2 we compare the cases with and without cosmological constant.
The figure speaks by itself and it strongly suggests that the angular dependency of the timing residual is somehow influenced by the value of the cosmological constant, in spite of its small value. Another feature that catches the eye immediately is an enhancement of the signal for a specific small angle α, corresponding generally to a source of low galactic latitude or a pulsar nearly aligned with the source (but not quite as otherwise e ′ ijn inj = 0, although the total timing residual is non-vanishing due to the O(Λ) time components for waves) .
This enhancement is relatively easy to understand after a careful analysis of the integral in Eq. (34), as was explained in [1] . However for us it is only necessary to know that the effect is visible and therefore the need to consider carefully the different coordinate systems where GW are produced and measured.
In the rest of the paper we want to analyze the possible modifications that the presence of dust can bring about.
Non-relativistic matter
Now we would like to repeat the discussion done in the previous sections for a purely de Sitter universe in the case where there is no cosmological constant, just dust. Namely we ask ourselves what would be the equivalent of Eq. (20) in such a case.
With the aim of deriving a full picture on how dust influences the observation of gravitational waves, we need to find the coordinate system where dust is described in 'static' spherically symmetric coordinates with an origin coincident with the object emitting gravitational waves. To make things clear, dust only plays a role in the definition of such a coordinate system and its relation with the observer's reference frame, namely FLRW coordinates.
The first step is to find a set of coordinates, spherically symmetric, where the angular element that in FLRW reads a(T ) 2 R 2 dΩ 2 should become simply r 2 dΩ 2 . The coordinate transformation will be given by
Next we take into account the transformation properties of a rank 2 tensor
Spherical symmetry is a requirement for both metrics, then the transformation for the two angular variables is characterized by the identity. This means that in the angular diagonal component of the metric the Jacobian corresponds to the identity and the transformation for these component do not bring any new information. Analogous is the case for the angular and off-diagonal elements of the metric. The transformation is trivial and in both pictures the components of the metric are null. However, there is one off-diagonal element that is not null per se; the g tr = g rt element. If a diagonal metric is desired we must impose the vanishing of this element. This translates into the following differential equation for the cosmological time T
Of course as we already know the structure for the bijection between the cosmological time and the content of the universe, i.e. |T | ∝ 1/ √ ρ dust coming from Eq. (12) . This allows to write the diagonal metric condition (37) in terms of the non-relativistic matter density only. We have two remaining components of the metric to be transformed: the T T and RRcomponents. If we use only the requirement for the radial transformation (35) and impose a diagonal structure for the metric (37), the metric reads
Note that ρ dust is a (scalar) known function of T and therefore it is expected to depend on the new temporal variable t; but this dependence is unknown a priori (because t is unknown so far). In any case we see that the new metric necessarily contains a t dependence via ρ dust (t). Before continuing, let us reduce the number of dimensionful parameters of the theory. The limit of weak coupling (κ → 0) and vanishing matter density (ρ dust → 0) are essentially the same because both parameters appear together in all the equations -except in the energy momentum conservation which is trivially satisfied. Hence we define: ρ dust = κρ dust . Then the solution of (37) is 6 + r 2 ρ dust
where C(t) is a constant with respect to r meaning that it can only depends on t. Dimensional analysis do the rest of the work. In natural units, [
. In this picture, κ does not belong to the theory, hence there is only one dimensionful parameter to give units to C(t); namely t because the constant is radial independent. As [ t ] = L, then C(t) = A t 2/3 with A a positive dimensionless parameter to be determined. It is expected for later times the dust density to be homogeneously diluted. This requirement automatically fixes the remaining free parameter of the theory, A. This is translated into the metric (38) to be Minkowskian-like when t → ∞. This is automatically fulfilled except for the factor in front of the brackets in the g tt element. If a Minkowskian limit is expected, the following enforcement of the prefactor is needed (∂ t ρ dust ) 2 /(3κρ dust 3 ) → 1. We have a relation for obtaining the temporal variation of the dust density, namely (39) with the corresponding C(t) function. Therefore, reintroducing κ and deriving both sides of the equality, one arrives to
Squaring the last result, dividing by 3 (κρ dust ) 3 , and finally using Eq. (39) again for replacing 1/t 2/3 , the prefactor for the g tt component in the limit of ρ dust → 0 becomes
After all, imposing the flat asymptotic limit to this factor, the constant is fixed to A = 3 3 √ 6. Once A is known, ∂ t ρ dust can be expressed as a function of ρ dust and r uniquely. Following the same steps as before; replacing 1/t 2/3 from the prefactor by A/C(t) from Eq. (39), we get simply
where the asymptotic limit is shown explicitly. Then the sought for metric turns out ot be
This metric has a good Minkowskian limit for ρ dust → 0. It has similar characteristics to the ones of the SdS metric and it is clearly the relevant metric to describe the Keplerian problem we alluded to in the introduction in the presence of dust, but without cosmological constant, when properly extended with the BH gravitational potential (see below).
Further discussions concerning dust in these coordinates are included in the appendix. With the full structure for C(t), we present a detailed discussion on the physical solutions to Eq. (39). In appendix A we show that the mere existence of a solution for (39) entails the presence of a horizon in such coordinates. In appendix B, we include the full computation of the non-diagonal stress-energy tensor also in these coordinates .
The corresponding change of variables to and from FLRW is given by
with ρ dust given by Eq. (12) . The metric (42) can be linearized for ρ dust → 0 to
Within this linearized approximation it is of course trivial to include the BH gravitational field. This would give rise to
This expression is valid in the region r ≫ r S and κρ dust r 2 ≪ 1. Note that it is not timeindependent, unlike its SdS counterpart, but the time dependence enters only via the matter density. In Eq. (43) the coordinate transformation is expressed in terms of ρ dust but the dependence of ρ dust on T is known (see Eq. (12)). We can therefore expand in powers of ∆T = T − T 0 , where T 0 is the time where the density of dust is ρ d0 . Linearization of the coordinate transformation leads to
where the scale factor a 0 is taken equal to 1 from now on. Note that the initial condition T = T 0 for the cosmological time does not correspond to a unique value for t as the relation does depend on R. Now we have all the ingredients to combine both components, dust and cosmological constant, as described in sections 3 and 6.
7 Non-relativistic matter and cosmological constant Now we are in a position to put together the two ingredients, namely dust and cosmological constant. In linearized gravity this is exceedingly simple as previously discussed. The metric will be
where the BH contribution ∼ r S /r has been omitted because is not relevant at large distances. The additive picture permits to recover the individual linearized theory for each component (taking the corresponding limit of the other going to zero). One would expect the same additive behaviour in the perturbations for the change of variables, but if one analyze how the full scale factor (18) expands in Taylor series,
it is clear that the additivity takes place inside the square root. Indeed it is easy to see that the following coordinate transformation does the job of moving from FLRW coordinates to the ones in Eq. (47)
Of course in both limits, ρ d0 → 0 and Λ → 0, we recover each 1-component universe coordinate transformation.
As abundantly mentioned before we will only need the (Λ + κρ d0 )/3 correction because higher powers of this square root can be neglected. The result is rather compact and we immediately know the form that a GW adopts in FLRW coordinates
This implies
The first result agrees with the expectations of the cosmological redshift, but the second one is a novel effect. From the analysis in [1] and succinctly described in section 5, we already know that the fact that (Λ + κρ 0 )/3 is non-zero will produce an enhancement at low values of the angle subtended between a pulsar and the source, as described.
We postpone a detailed analysis of the application to PTA to a forthcoming publication.
Conclusions and outlook
In this paper we have reviewed how a non-zero cosmological constant modifies the propagation of a gravitational wave, with an additional contribution to the one that is usually taken into account -the redshift in frequency. The effect is entirely due to the change of coordinate systems between the reference frame where the wave originates (e.g. the merger of two gigantic black holes) and the reference frame where waves are measured in PTA, namely cosmological FLRW coordinates. We have then proceed to extending these results to the case where non-relativistic dust is present, and later to the combined and more realistic situation where non-relativistic matter and vacuum energy are both present. The results are derived in a linearized approximation where only the fist deviations are considered. This approximation is however enough for the case of study, as subsequent corrections are seen to be extremely small when the measured value of the matter density and cosmological constant are used, combined with the distances involved in the problem.
It came out as a surprise that these deviations were at all measurable, at least in principle, in PTA observations. So far no clear positive measurement of GW has come out from the existing collaborations. Perhaps the sort of signal predicted here could help. In any case the effect is actually reinforced by the presence of non-relativistic matter and the possibility of local measurements of Λ in this way remains.
The procedure goes as follows: at any particular time t, the density profile is determined at each point r. The density takes a value such that the function f vanishes, f (u = 3 r 2 κρ) = 0. Or in other words, at a certain point of the spacetime, the relation between the magnitudes u and x is given by the roots of the function f (u).
The new function accomplish f (−∞) = −∞ and f (0) = 6, hence at least one of the roots of f (u) has a real and negative value, u 1 < 0. This root of (53) has no physical interpretation because as it has been defined in (52), u must be positive. Therefore, we know that a positive solution must exist; as f (∞) = ∞ there must be at least one double root (or two more roots). To find it (them), let's analyze the function f (u). The critical points are obtained by the roots of the first derivative of f (u)
The second derivative classifies whether the critical points are a maximum, a minimum or a saddle point f ′′ (u c ) = 6u c .
Therefore, being also x > 0, u c 1 = x/3 is a local minimum and u c 2 = − x/3 is a local maximum. We are interested in u > 0. The next step is to locate the image of the positive critical point u c 1 (the minimum), because this value will determine the existence of the wanted remaining root(s) f u c 1 = x/3 = u
